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1. Introduction and notation

Recall that an infinite collection A C [w]¥ is almost disjoint (AD) if any two of its members have finite
intersection. An AD family is mazimal (MAD) if it is not properly contained in any other almost disjoint
family.

Given an almost disjoint family A, the Mréwka—Isbell space ¥(A) associated to A is the space w U A,
where w is open and discrete and an open neighborhood basis for A € Ais {{A}U(A\ F) : F € [w]<*}.
It is straightforward to verify that this is a Hausdorff, locally compact, first countable, non compact,
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zero dimensional topological space, and it is pseudocompact (every R-valued continuous function on X is
bounded), if and only if A is maximal (see e.g. [17]).
The Vietoris hyperspace of a topological space X is the set

exp(X)={F C X : F # (Qand Fis closed}
endowed with the topology generated by the sets

U- ={Feexp(X): FNU # 0} and
Ut ={Fcexp(X): FCU},

where U C X is open.

In [13], J. Ginsburg proved that for a Tychonoff space X, if exp(X) is pseudocompact, then every finite
power of X is also pseudocompact. He asked whether there is a relation between the pseudocompactness of
X“ and that of exp(X), and asked whether it is possible to characterize those spaces which have pseudo-
compact hyperspaces.

J. Cao, T. Nogura and A. Tomita [7] provided a partial answer by showing that for every homogeneous
Tychonoff space X, if exp(X) is pseudocompact, then X* is pseudocompact. On the other hand, M. Hrusak,
F. Herndndez-Hernandez and 1. Martinez-Ruiz [17] showed that, in ZFC, there is a subspace of Sw containing
w such that X* is pseudocompact but exp(X) is not. This was extended by V. Rodrigues, A. Tomita and Y.
Ortiz-Castillo [22], who showed that there is a space X such that X" is countably compact for every x < b,
but exp(X) is still not pseudocompact. They also showed that whenever X is a subspace of Sw containing
w, if exp(X) is pseudocompact, so are exp(X)*¥ and X¥.

J. Cao and T. Nogura, in a private conversation, asked whether exp(X) is pseudocompact for some/every
Mroéwka—Isbell space X. The first relevant observation is:

Proposition 1.1 (/17]). Let A be an AD family. Then V(A) is pseudocompact iff ¥(A)* is pseudocompact
iff A is MAD.

In particular, if 4 is an almost disjoint family and X = W(A), the following implications hold:
exp(X) is pseudocompact = X is pseudocompact — X“ is pseudocompact

So Ginsburg’s questions restricted to the class of Mréwka-Isbell spaces becomes the problem of charac-
terizing those MAD families such that the hyperspace of their Mréwka-Isbell space is pseudocompact. To
study Ginsburg’s question restricted to this class of spaces, the following shorthands will come in handy: if
A is an almost disjoint family, then we define exp(A) as exp(¥(A)) and we call it the hyperspace of A. We
also say A is pseudocompact iff exp(A) = exp(¥(A)) is pseudocompact.

Recall that a family P C [w]“ is centered if the intersection of any finite number of members of P is
infinite. A set A € [w]¥ is a pseudointersection of P if A C* P (i.e. A\ P is finite) for every P € P. The
pseudointersection number p is the smallest cardinality of a centered C C [w]¥ with no pseudointersection.
A collection D C [w]¥ is open dense if for every A € [w]¥ there exists B € D such that B C A, and if
for every A € [w]“ and for every B € D, if A C* B then A € D. The distributivity number b is the least
cardinality of a family of open dense subsets of [w]¥ with empty intersection.

The main result of [17] states:

Theorem 1.2 (/17]).

(1) If p = ¢, then every MAD family is pseudocompact.
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(2) If b < c, there is a MAD family which is not pseudocompact.

Part (2) of the theorem depends heavily on the base tree theorem of Balcar, Pelant and Simon [1] which
affirms the existence of a base tree of height b, that is, of a tree T C [w]* of height h ordered by 2*, such
that every element has c-many immediate successors, each level is a MAD family and such that every infinite
subset of w has a subset in the tree. As mentioned in [17], the assumption h < ¢ in (2) can be weakened to
the existence of a base tree without branches of length c.

In [23], V. Rodrigues and A. Tomita showed that after adding w; Cohen reals there is a Cohen indestruc-
tible MAD family of cardinality w; whose hyperspace is pseudocompact.

In this article we optimize the above theorem by showing (Theorem 2.4) that the statement that all MAD
families have pseudocompact hyperspace is equivalent to the assertion MA (P (w)/fin).”

The problem of whether there is a pseudocompact MAD family in ZFC was raised in [17] and is still
open:

Question 1.3. Is there a MAD family A with pseudocompact hyperspace in ZFC?

Here we provide a partial answer to the problem by showing that it is consistent that there is a MAD
family A of size strictly less than ¢ whose hyperspace is not pseudocompact, so, in particular, there is an
AD family of size less than ¢ which cannot be extended to a pseudocompact one, i.e. it is consistent that
pseudocompact MAD families do not exist generically.

Our notation is mostly standard. In particular, w denotes the set of finite von Neumann ordinals and is
identified with the natural numbers. The set of free ultrafilters over w is denoted by w* and is identified
with the remainder of the Stone-Cech compactification of w. Given U € w*, a topological space X, z € and
a sequence (,, : n € w) of elements of X, we say that x is a U-limit of (x,, : n € w) if for every neighborhood
U of z, the set {n € w: x,, € U} belongs to U and we then write U-lim z,, = x.

The smallest cardinality of a MAD family is defined as a. It is well known that w1 <p < h < a < ¢ and
that all inequalities are consistently strict. See [2] for more on cardinal invariants of the continuum.

2. Equivalence with MA (P (w)/ fin)

In this section we shall identify statements equivalent to the assertion “For every MAD family exp(.A) is
pseudocompact”.
The following proposition appears as Proposition 2.1 in [23]:

Proposition 2.1. Let A be an almost disjoint family. Then exp(A) is pseudocompact if and only if every
sequence (a, :n € w) C [w]<Y\ {0} C exp(A) of pairwise disjoint sets has an accumulation point in exp(A).

By using this proposition we can get a result similar to Lemma 3.1 in [17].
Lemma 2.2. Let A be an almost disjoint family. Let F = (F,, : n € w) be a sequence of pairwise disjoint
finite nonempty subsets of w. Given A Cw, let s ={n€w:F,NA# 0} and Mg ={n €w: F, C A}.

Then:

(1) If L is a limit point of the sequence F in exp(A), then L C A, and

5 If k is a cardinal and P is a pre-order, MA, (P) is the statement “for every collection of < k dense subsets of P there exists a
filter G on P which intersects every dense set of the collection”. The boolean algebra P(w)/ fin can be seen as the set [w]* ordered
by C*.
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(2) Given L C A, L is a limit point of F if, and only if for every P C w such that VA € L A C P, the set
{Ia: Aec L} U{Mp} is centered.

Proof. For the first item, notice that if n € w N L, then {n}~ is a neighborhood of L which intersects at
most one element from the sequence F', so L cannot be a limit point for F.

For the second item, first suppose that L is a limit point of F. Fix arbitrary Ag,...,A; € L and P as in
the item. We must show that T4, N---N L4, N Mp is infinite. Fix k € w. Notice that LU (P \ k) is open, so
V=(LUP)"Nn({Ao} UAg) ---N({A,} UA;)" is a neighborhood of L, so it must have a point F,, with
n > k. Then F,, C P and F,, N A; # () for each i, that is, n € T4, N---N 14, N Mp\ k. Since k is arbitrary
we are done.

Now we prove the converse. Let Uy, ..., Uy, V be open sets of ¥(A) such that L € Uy N---NU,; NV*. Let
P =VNwand, for each i <1, let A; € LNU; and let k; be such that A;\k; C U;. Then I4,N---NIs,NMp is
infinite. Since F is a pairwise disjoint sequence, there exists m such that for all n > m, F,Nmax{ko, ...,k } =
0. Let m >nbein Iy, N---NIs, N Mp. Then F,,, e Uy N---NU, N VT and the proof is complete. O

A sufficient condition to guarantee the existence of a limit point is given by the following lemma:

Lemma 2.3. Let A be an almost disjoint family, U be a free ultrafilter and let F = (F, : n € w) C
[W]=U\ {0} C exp(A) be a sequence of pairwise disjoint sets. Then if for every f € []
A€ A and B €U such that f[B] C A, then F has a U-limit.

new F,, there exists

Proof. Let P =[], ., Fn. Given f € P,fix By € U and Ay € Asuchthat f[By] C Ay. Let B={A;: f € P}
We claim that B = U-lim F.

To verify the claim, it suffices to verify the U-limit condition for sub-basic sets, so let U C ¥(.A) be open.

If B € U, then there exists f € P with Ay € U. Since U is open, Ay C* U. Then f[By] C* U. So
B C*{necw: f(n)eU}C{new:F, € U} Since By € U and U is a free ultrafilter, it follows that
{new:F,eU"}elU.

If B € U, suppose by contradiction that {n € w: F, e UT} ¢ U. Then [ = {n € w: F,\U # 0} € U.
Let f € P be such that for each n € I, f(n) € F, \U. Then f[I N By] C* Ay and f[I N By]\ U is infinite,
so Ay \ U is infinite. On the other hand, since B € UT we have Ay € U, but U is open, so Ay C* U, a
contradiction. O

Given a T topological space X with no isolated points, the Baire number of X, denoted by n(X), is
the smallest cardinality of a family of open dense subsets of X with empty intersection. In the following
theorem, the equivalence between a) and d) with an arbitrary infinite k£ in the place of ¢ was presented
without proof in [1]. For the sake of completeness, we present a proof (in the proof we present, one could
switch ¢ for any other infinite cardinal).

Theorem 2.4. The following are equivalent:

a) MA(P(w)/ fin)

b) For every MAD family A, exp(A) is pseudocompact,
¢) b = ¢ and every base tree has a cofinal branch

d) n(w*) > c.

Proof. a) — b) Suppose MA(P(w)/ fin) holds and fix a MAD family A. Let F = (F,, : n € w) C [w]~*\ {0}
be a sequence of pairwise disjoint sets. Let P =[] F,. Given f € P, let

necw

Dy={Becw]”:34A € Af[B] C A}.
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It is straightforward to verify that Dy is dense in P(w)/ fin. By MA (P(w)/ fin), let U be a filter intersecting
every member of {D; : f € P}. Then, by Lemma 2.3, F has a U-limit. Now the conclusion follows from
Proposition 2.1.

b) — ¢) Negating c), either hh < ¢ or there exists a base tree of height ¢ with no cofinal branches. Either
way, there is a base tree with no branches of cardinality ¢, so the negation of b) follows from the second
statement of Theorem 1.2 and from the comments below it.

¢) — d) Let (U, : @ < ¢) be a collection of open dense subsets of w* (where w* is identified with the
space of free ultrafilters on w. For each «, let A, be an infinite almost disjoint family such that A* C U,
for every A € A, maximal for this property. It is easy to verify that each A, is a MAD family. Using h = ¢
and following the standard construction of a base tree (e.g. [2]), there exists a base tree T of height ¢ such
that every level 7, of T refines every element of {Ag : 8 < a} (that is: given 8 < o and A € 7T, there exists
B € Ag such that A C* B). Then 7 has a cofinal branch 7. Extend 7 to an ultrafilter U. U intersects 7,
for every o < ¢, so it would also intersect A, for every o < ¢. This shows that U € (.. Ua.-

d) — a) Suppose n(w*) > ¢ and let (B, : @ < ¢) be a collection of dense subsets of P(w)/ fin. For each
a<clet Uy = U{B*: B € B,}. It is easy to verify U, is open and dense in w*. Let i € [, Us. Then for
each o < ¢ there exists B € B, such that Y € B*, that is, B € U N By, i.e. U is generic for (B, : a <¢). O

Next we present a model of p < ¢ where all Mréwka-Isbell spaces from MAD families have pseudocompact
hyperspaces.

Theorem 2.5. It is consistent that p < ¢ and exp(A) is pseudocompact for every MAD family A.

Proof. Suppose V F p = ¢ = wy + there exists a Suslin Tree. Let S be a well-pruned Suslin tree and let G
be S generic over V. It is well known that S forces p = wy < ¢ (see, for example, [10]). Suppose A is a MAD
family in V[G].

Claim. There exists a MAD family B € V such that for every B € B there exists A € A such that B C* A.

Proof of the claim. Let A be a name for A and let p € S be such that p I+ Ais a MAD family. If t < p, let
Ay ={Aew]”:tIkAe A}. Each of these sets is an almost disjoint family. In V, for each ¢ < p let B; be
a MAD family containing A;.

Since |S| = wy < b, there exists B refining {B; : t < p}, that is, for every B € B and for every t < p,
there exists A € B; such that B C* A.

We show that B is as intended: given B € B, there exists A € A such that |[BNA| = w. Since forcing with
a Suslin trees does not add reals, there exists ¢ < p such that t IF A € ./i, so A € A;. There exists A’ € B;
such that B C* A’. Since A’, A € B, it follows that A = A’, which completes the proof of the claim. O

Let F € V]G] be a sequence of pairwise disjoint finite nonempty subsets of w. Since forcing with S does
not add reals, F' € V. Working in V, since p = ¢ holds, there exists a free ultrafilter I such that for every
[ €1l,c, Fn there is I € U such that f[I] is contained in an element of 3.

In VI[G], U is still a free ultrafilter and for every f € [],, .., F there is I € U such that f[I] is contained
in an element of A. This implies that every such an f has a U-limit in ¥(.4) and that in the hyperspace,
UlLm F ={U-lim f: fe]], ., Fn.}- O

new

3. Generic existence of pseudocompact MAD families

In this section we study sufficient conditions for the existence of pseudocompact MAD families. We give
sufficient conditions for the existence of both large and small pseudocompact MAD families. Following [14]
we shall say that pseudocompact MAD families exist generically if every AD family of size less than ¢ can
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be extended to a pseudocompact one. Of course, it trivially follows from the results of the previous section
that pseudocompact MAD families exist generically if the conditions of Theorem 2.4 are satisfied, i.e. if
h = ¢ and every base tree has a cofinal branch.

On the other hand, this is not equivalent to the generic existence of pseudocompact MAD families which
we shall show next. Recall [6] that given an ultrafilter U the pseudointersection number p(U) of U is defined
as the minimal size of a subfamily X’ of U without a pseudointersection in U, i.e. p(U) > w if and only if U is
a P-point, and p(U) = ¢ if and only if U is a simple P,-point i.e. an ultrafilter generated by a C*-decreasing
chain of length c.

Theorem 3.1. If A is a MAD family, U an ultrafilter and |A| < p(U) then A is pseudocompact.

Proof. Let U be given. Fix a MAD family A such that |A| < p(i/). By Lemma 2.3, and Proposition 2.1, it
is sufficient to verify that for every injective sequence f : w — w there exists B € U and A € A such that
f1B] C A.

Suppose this is not the case. Then there exists f : w — w such that for all A € A and B €U, f[B]\ A
is infinite. First, notice that given A € A, there exists B4 € U such that f[Ba] N A is empty: the sets
{new: f(n)¢ A} and {n € w: f(n) € A} form a partition of w, so one of them is in &. But the second is
not in U by hypothesis. Let B4 be the first set.

Now let B be a pseudointersection of {B4 : A € A} in U. Tt follows that f[B] N A is finite for every
A € A, contradicting the maximality of A. O

Note that the same argument shows that:

Corollary 3.2. If there is an ultrafilter U such that p(U) = ¢ then pseudocompact MAD families exist gener-
ically.

Next we will construct a model where the assumptions of Theorem 3.1 hold, i.e. @ = w; and there is an
ultrafilter & such that p (U) = wy. We will use the method of matrix iterations, which was introduced by
Blass and Shelah in [3] and further developed by Brendle and Fischer in [5]. We will provide a quick review
of this method, but it would be helpful if the reader had familiarity with [5]. To learn more about matrix
iterations, the reader may consult [20,12,11,4,9,8].

The following forcing was introduced by Hechler [15] for adding generically a MAD family (see also [5]).
Let v < w;. Define H, as the set of all functions p such that there are F, € [y]~* and n, € w such that
p:Fp, xn, — 2.

Given p,q € H,, define p < g if the following holds:

(1) ¢ € p (hence F, C F, and ngy < n,).
(2) For every a, B € F; (with o # 3) and @ € [ng,n,), if p(a,i) =1, then p(8,7) = 0.

Assume G C H,, is a generic filter. For every a < v, define
AS ={i|peG(p(ai)=1)}.
Define the generic AD family as AS = {AS | o < v}. The following lemma is well known and easy to sce:
Lemma 3.3. Let v < wy and G C H,, a generic filter.

(1) If a < v, then AS is infinite.
(2) AS is an AD family.
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(3) If 6 <, then H; is a regular suborder of H.,.
(4) If v = wy, then Afjl is a MAD family.

More properties and preservation results may be consulted in [19].

Let F be a filter on w. Define the Mathias forcing of F (denoted as M(F)) [18] as the set of all p = (s, F}p)
such that s, € [w]“* and F, € F, ordered by p = (s,, F})) < q = (84, F) if s, C 5, F, C F, and s, \ 5, C Fy.

If G C M (F) is a generic filter, the generic real of M (F) is defined as

TG:U{SP | 3p = (sp, Fp) € G}

It is easy to see that rg is a pseudointersection of F.

The following notion was introduced in [5]:

Let M C N be transitive models of ZFC (we may assume that N is a forcing extension of M). Let
A={A,|a €~} bean AD family in M and B € N an infinite subset of w. We say that *%’g holds, if
for all h : w x [y] — w such that h € M, for all m € w and for all F' € [y]~“, there exists n > m such
that [n,h (n, F)) \ Upcp Aa € B. It is easy to see that if *%’g hold, then B € T (A)*.

The following is immediate from the definition:

Lemma 3.4. Let M C N be transitive models of ZFC, A = {A, |a €~} € M an AD family and B € N
such that *%’g holds. If X € T(A)" N M then BN X is infinite (in N).

The next lemma is Lemma 4 of [5]:

Lemma 3.5 ([5]). Let v +1 < wy and Gy41 € Hy41 a generic filter. Define G, = H, N Gyy1. Then
VIGyL,VI[Gy 4] holds.

KA

vy

The following is a deep result of Brendle and Fischer (Crucial Lemma 7 of [5]):

Proposition 3.6 (Brendle, Fischer [5]). Let M C N be transitive models of ZFC, A={A, |a €~} € M an
AD family and B € N such that *%’g holds. Let U € M be an ultrafilter. There is an ultrafilter W € N
such that the following holds:

(1) U CW (hence M (U) C M (W)).

(2) If L C M (U) is a mazimal antichain with L € M, then L is also a mazimal antichain of M (W).

(8) If Gyy € M (W) is an (N,M (W))-generic filter, then Gy = Gy N M (U) is an (M, M (U))-generic
filter.

(4) Ta = ray, (in particular, ra,, € M[Gyl, but this does not imply that an M(U)-generic real is also a
M(W)-generic real).

(5) J g 5wl N polgs,

Note that points 3 and 4 follow from points 1 and 2. It is important to note that in general (in N) M (i)
will not be a regular suborder of M (W) (except in the trivial case where & = W). This is because in point
2, we only have the results for the maximal antichains that are in M, but it may fail for those that are in
N.

Let x and A be two cardinals. We will say that

((Pays [ <K, B<N), (Qap | @ <k, B<N)

is a standard matriz iteration if the following holds for every a < k,8 < A:
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(1) If B < A, then Qaﬁ is a [P, g-name for a partial order with the countable chain condition.
( ) If 8 < A, then Paﬁ—i—l = Paﬁ * Qa,5~

(3) If £ < B, then P, ¢ is a regular suborder of P, g.

(4) If S is limit, then P, g is the finite support iteration of (Py¢ | £ < 3).

(5) If n < a, then I, 5 is a regular suborder of P, g.

(6) If « is limit, then P, is the finite support iteration of (P, | 7 < ).

(7) If p € Py g, then there is v < # such that p € P, . .

(8) If f is a P, g-name for a real, then there is v < & such that f is a P, g-name.

In the above situation, given a < k, 8 < A, we denote by V,z the extension of V' by forcing with P, 3.
We now define ((Pa,g | o < wiy,f <wa), <Qa7ﬁ |a <w, < w2>) such that for every a < w; and 8 < ws
we have the following properties:

(1) Poo = H,.
(2) Let Ay = {A¢ | £ < a} be the AD family added by H,,.
(3) For every < wa, there is a sequence (U3 | v < wy) with the following properties:

(a) Uyp € V5 and it is an ultrafilter in such model.
(b) For every v < ¢ < wy the following holds:

(i) Uyg C Usp.
(if) If L € M (U,p) is a maximal antichain with L € V, 3, then L is also a maximal antichain of
M(Usg).
(iii) If *XYS’XWM and H is a M (U 1+1)s)-generic filter over V(. 1)4, then *Zﬁl[ﬁ]’v(”“)ﬂ[m.

(4) If B < wo, then Py g IF “Qup = M Uap) " and Py g1 = Py g * M Uap).
(5) If B < wq and rg is the M (U, g)-generic real over V,,, g, then 3 € Upg41)-
(6) If B < wo is a limit ordinal, then {r, | n < B} C Uyg.

By the construction, it follows that {r5 | 8 < wa} is a C*-decreasing sequence (this is why point 6 makes
sense). The main point is, of course, that the just defined

(<Pa,ﬁ |a <wi,f < w2>7<@a,ﬁ | <w, B < w2>)

is a standard matrix iteration. This follows by the same arguments as in [3] or [5].

There is a subtle point that we would like to clarify in (5) and (6) above. Let 8 < wq, in point (5) we
demand that the (V,, 5, MU, 5))-generic real rg is in Upg41). In particular, we need that rg belongs to
Vo(s+1)- At first glance, this might seem impossible since (in principle) 75 is not an M(U,, B)—name. However,
this is easily fixed as follows: we simply require that Uy, 1) contains the generic real added by M(U ﬂ),
which we will denote by rgs. By point 4 of Proposition 3.6, we get that rg and ros are equal (and in
particular, rg belongs to Uy(g41)). A similar remark applies to point (6). The same argument was used in
[3]. We leave the rest of the details to the reader.

We can now prove the following:

Theorem 3.7. There is a model of ZFC in which a = wy and there is an ultrafilter W such that p (W) = ¢ =
w9o.
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Proof. We start with a model V' of the Continuum Hypothesis. Let G C P,,, ., be a generic filter (where
P, w, is the forcing described above). We will show that V [G] is the model we are looking for. A straight-
forward argument shows that V [G] £ ¢ = ws.

We argue in V [G]. Note that R = {rg | 8 < wa} is a decreasing tower, so it is centered. Let W be the
filter generated by R. It is easy to see that W is in fact an ultrafilter (this is because rg is a M (U,,, 3)-generic
real, for more details, the reader may consult [3]). Furthermore, since W is generated by a tower of length
wa, it follows that p (U) = wa.

It remains to be proved that a = w; holds in V' [G]. This is the same argument as the one used in section
4 of [5]. We include the argument for completeness. We will prove that A, = {As | a <wi} is a MAD
family in V [G]. We start with the following:

Claim. Let o < wi and B < wy. Then *Xﬁ’x{:“)ﬁ holds.

Fix o < w1, we prove the claim by induction on S. The case 5 = 0 follows by Lemma 3.5. If the claim is
true for 8 < wa, then it is also true for 8+ 1 by point 3(b)iii in the definition of our iteration. Finally, let
[ be a limit ordinal and assume that the lemma is true for every ordinal less than §. If 8 has uncountable
cofinality, then there is nothing to prove. For every F € [a]<“, there is ) < 8 such that hp € V,y). If § has
countable cofinality, the claim follows by the Lemma 12 point 1 of [5]). This proves the claim.

Claim. A, is a« MAD family in V [G].

Let X € T(Ay,)" (in V[G)). Since P,,, ., is a finite support iteration of the c.c.c. partial orders (P, 4 |
B < wa), there is § < wq such that X € V,,, g. Furthermore, since we are using a standard matrix iteration
and X is a real, there is @ < w; such that X € V,4. Since *Zﬁ‘i"ﬁ:“w holds and X € Z(A,)", by
Lemma 3.4, we have that A, N X is infinite. This finishes the proof. O

4. Non-pseudocompact MAD families

Here we prove that consistently there is a MAD family A of size < ¢ which is not pseudocompact. This,
of course, trivially provides a model where pseudocompact MAD families do not exist generically. The
generic existence expresses the fact that a “naive” construction of an object with the desired properties
can be carried out, meaning that we line up all possible requirements (necessarily of length ¢) and try to
fulfill them one by one without doing anything else to keep the recursion artificially alive. In this sense,
Theorem 4.2 points out that if there is a pseudocompact MAD family in ZFC, its construction cannot be
too simple and some further sophistication is required.

The example we construct will be a MAD family over the countably infinite set A = {(n,m) € w X w :
m < n}. The elements of A will be graphs of partial functions. The result easily follows from the following:

Theorem 4.1. It is consistent with ¢ > ws that there is a MAD family A of size wy on A\ consisting of partial
functions below the diagonal, and there are MAD families { A, : o < w1} on w, such that

(1) Vs € A Ja < wy dom(s) € Ag,

(2) s#te A = dom(s) # dom(t), and

(3) for every family F of wi-many partial functions below the diagonal there is a total function below the
diagonal almost disjoint from all elements of F.

We shall postpone the proof of the theorem and first show that it suffices to prove the desired result.
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Theorem 4.2. It is relatively consistent with ZFC that there is a non-pseudocompact MAD family A of size
<.

Proof. Assume that ¢ > wy and there exist A and (A, : @ < w;) as in Theorem 4.1. We shall show that
exp(¥(A)) is not pseudocompact.

Let FF = (F, : n € w) C exp(¥(A)) be given by F, = {(n,m) : m < n}. We claim that F has no
accumulation point in exp(¥(.A)). Suppose L is such an accumulation point. Then, since F' is a sequence of
pairwise disjoint finite subsets of A, L C A.

If |L| < wa, there exists a total function f below the diagonal which is almost disjoint from every element
of L. Then L € (¥(A) \ cl f)" but F,, & (¥(A) \ cl f)T for every n € w, a contradiction.

Now suppose |L| = wy. There exists o < w; such that there exists two distinct s,¢ € A such that
doms,domt € A,. Since s,t are distinct, it follows that dom(s) # dom(t), and since A, is an almost
disjoint family, dom s N"dom¢ C k for some k € w. Then

Le({stu{s\{(n,m): m<n<k}}H) " Nn{FUu{t\{(n,m):m<n<k}},
but no element of the sequence F' is a member of the latter open set. O

Let A be an AD family. For the convenience of the reader we repeat the definition of the Mathias forcing
M(A) associated with A. The base set is the collection of all p = (s, F},) such that

(1) there is n, € w such that s, : n, — 2, and
(2) Fp € [A]7,

ordered by p = (sp, Fp) < g = (54, Fy) if

(1) sq C sp (hence ng < nyp), F, C F,, and
(2) if B € Fy, then BNs, ' (1) C ng.

Given p = (sp, F,) € M (A), we call s, the stem of p and F, the side condition of p. The length
of pislen(p) = n,. If G C M (A) is a generic filter, the generic real of M (A) is defined as Agen, =
U{i|3(s,F) € G(s(i) =1)}. The following lemma is well-known and easy to prove:

Lemma 4.3. Let A be an AD family, G C M (A) a generic filter and Ager, the generic real.

(1) Agen is an infinite subset of w.
(2) Agen is almost disjoint from every element of A.
(3) For every X € [w]“ NV, if X € T(A)", then Agen, N X is infinite.

By Fun we denote the set of all functions f : w — w such that f C A. Define PFun as the set of all
functions g such that there is A € [w]” for which g : A — w and g C A. Note that if f, g € PFun then f
and g are almost disjoint if and only if the set {n € dom (f) Ndom (g) | f (n) = g (n)} is finite.

Definition 4.4. Define ie as the smallest size of a family F C PFun such that for every g € Fun there is
f € F such that |f Ng| = w.

The cardinal invariant ie is closely related (though not equal) to the invariant cov*(EDgy, ) defined in [16].
If X € [w]“ and n € w, we let X(n) be the n-th element of X.
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Definition 4.5. Let X € [w]” and B C PFun. Define the forcing Ea (B, X) as the set of all p = (s, 1y, Fp)
with the following properties:

(1) n, €w, F, € [B]™".
(2) sp: XNny, — wand s, CA.
(3) 2[Fp| <1y

Let p = (Sp, Ny, Fp), ¢ = (84,1, Fy) € Ea (B), we define p < ¢ if the following conditions hold:

(1) ng <ny, F; C F, and sq C sp.
(2) If f € Fyand i € dom f N (X N (n, \ ng)), then s, (3) # f ().

Given p = (sp, np, Fp) € Ea (B, X), we call s, the stem of p and F), the side condition of p. Define the
length of p as len(p) = n,. By EA we will denote EA (Fun,w). If G C Ea (B, X) is a generic filter, the
generic real of Ea (B,X) is defined as fgen, = J{s |3 (s,n, F) € G}. The analogue of Lemma 4.3 is the
following:

Lemma 4.6. Let X € [w]”, B C PFun and fye, the generic real of Ea (B, X).

(1) fgen : X — w and fgen C A.

(2) fgen is almost disjoint from every element of B.

(8) If g € PFunnV is such that dom(g) C X and g € Z(B)" (where T (B) is the ideal generated by B),
then fgen N g is infinite.

Let P be a partial order. Recall that a set L C P is linked if every p,q € L are compatible. P is o-linked
if P is the union of countably many linked sets. The following establishes that E (B, X) is o-linked:

Lemma 4.7. Let X € [w]* and B C Fun. Let p = (sp,np, F}), ¢ = (8¢, ng: Fy) € Ea (B, X). If s, = s4 and
41F,|,4|Fy| < nyp then r = (sp,ny, Fp U F,) extends both p and q.

Proof. Let p = (sp,np, Fp), ¢ = (sq,ng, Fyq) € Ea (B, X) with s = s, = s4. We first find a finite partial
function t C A with the following properties:

(1) sCt.
(2) For every f € F, UF, and i € dom (t) \ dom (s), we have that t (4) # f ().
(3) [t > 2|F, UF,|.

We can find such t since 4 |F,|,4|F,;| < n,. It follows that r = (¢,dom (), F,, U F) is an extension of
both p and q. O

Lemma 4.8. Ea (B, X) is o-linked.

Proof. For every n € w and s : X|, — w with s C A, define
L(s,n)={¢|3p<qgp=(sp,np,Fp) ny=n, s, =sand 4|F,| <n,}.

Clearly each L (s,n) is linked by the previous lemma and

Ea (B, X) ZU{L(S,n):nEM,Sg A,sewX\n}. O
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The following result was inspired by Lemma 5.1 of A. Miller’s [21]:

Proposition 4.9. Letn € w, s : n — w with s C A. Let D C Ea be an open dense set. There is an antichain
Z € [D]=% such that for every p = (s, n, F,) € En, there is ¢ € Z such that p and q are compatible.

Proof. Let A = {r,, | m € w} C D be a maximal antichain (note that A is countable since E 5 is o-linked
and therefore c.c.c.), let k = & in case n is even and k = ”Tfl in case n is odd.

Assume the proposition is false, so for every m € w, there is p,, = (s,n, Fy,,) € Ea such that p,, L r;
for each i < m. As |F,,| < k we can assume that each [, has size k, let F, = {f{"},_.

B ={F,, | m € w} as a subset of Fun”. Since Fun® is a compact space, we can find an accumulation point

We may view

F ={gi},, of B. Let p = (s,n, I'), since A is a maximal antichain, there is j € w such that p and r; are
compatible. Let ¢ = (¢,1, G) be a common extension of both of them. Since F is an accumulation point of
B, there is m > [, j such that f/™ [l = g; [ | for every i < k. Let p,,, = (,1, F}5,) and note that p,, < pp,. It
follows that p,, and ¢ are compatible, in particular, p,, and g are compatible, which implies that p,, and
r; are compatible, which is a contradiction. O

For the rest of the section, we fix sets {D | v € w1}, H, E and a function R with the following properties:

(1) {H,E} U{D, | v € w1} is a partition of wy.
(2) For every v € wy, we have that |D,| = |H| = |E| = ws.

(3) R: U Dy — H is a bijective function such that o < R («) for every a € |J D,.
YEW1 YEwW1

Then we define a finite support iteration (P,, Qa | & < wy) as follows:

(1) If @ € E, then P, IF “Qnu =EA”.

(2) For every v € wy and £ € D,, let A% be a name for the (M(A5), V¢)-generic real (where A% = {AF/ |
n € &N Dy} and Ve is the extension by Pe).

(3) If « € D, (with 7 € wy), then P, I “Qq = M(A2)".

(4) Given £ € H, let v € wy an-d B € D, such that £ = R(f), let fg be a name for the (Ea (Bg,A?{) , Ve)-
generic real (where B¢ = {f, |n € ENH}).

(5) If @ € H, with (R(8) = a and 8 € D,) then P, IF “Q, = Ea (Ba,Ag) 7.

If p € P, and i is a Py-name for a condition of Q,, we denote by p~2 the condition r € P, such that
rla=pandr(a)=i.

We will need to develop some combinatorial tools for our forcing in order to prove the main result. Given
a < wy, we say that a condition p € P, is pure if there is n € w such that for every £ € dom (p), the
following holds:

(1) If ¢ € D, (for some v € wi), then there is s¢ € 2" and Je € [D,NE"Y, Je C dom (p) such that
p(§) = (se, {AY | n € Je}).

(2) If £ € H and S is such that R (8) = &, then 8 € dom (p).

(3) If £ € H, (let B such that R(8) = &), then there is z¢ : 551 (1) — w with ze C A and Je € [HN &S,
Je C dom (p) such that p (§) = (z¢,n,{fy | n € Je}) and 4|J¢| < n (where sg is defined as in point 1).

(4) If ¢ € B, then there is mg € w, 2¢ : me — w with z¢ € A and J such that p (€) = (z¢, me, J) and there is
ke such that 4ke < mg and Pg-names py, . .., py, for functions such that J = {(po, Ip.), -, (Pre—1,1p,)}

Given a pure condition p, len(p) denotes the size of the first coordinate of p.
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In the above definition, recall that Aﬁ/ is the name for the (M(A%), Ve)-generic real and fe is the name
for the (EA (Bg), Ve)-generic real. An important difference between points 3 and 4 is that in point 4 we
may have m¢ # n. We call n the height of p. One of the purposes of pure conditions is to avoid (as much
as possible) the use of names and use real objects.

Lemma 4.10. Pure conditions are dense in P,.

Proof. We prove the lemma by induction on «. The cases where a = 0 or « is limit are straightforward, so
we focus on the successor case. Assume the lemma is true for «, we will prove it is also true for o + 1. Let
p € Poy1, we may assume that o € dom (p).

Case. a« € F.

First, we find p; < p | « such that there are m, € w, z4 : My — w with z, € A and L such
that py IF “p(a) = (2a,Ma, L)”. By extending p and p;, we may even assume that p; |- “4 |L} < mg”.
So we may find ps < p1, ke < % and names po, ..., pk.—1 such that py IF L = {po, -+ s pre—1}. Let
J = {(po, Ip,),---,(pke—1,1p,)}. By the inductive hypothesis, let ¢ < ps be a pure condition. Define

G € P,41 such that the following holds:

(1)
(2)

[a=q. .
(@) = (2asMa, ).

ESIIEN]

It is easy to see that §q is a pure extension of p.
Case. o € D, (for some 7y € wy).

First, we find p; < p | a such that there are m € w, s € 2™ and J,, € [Dy N @]~ such that p; IF “p (o) =
(s, {Az | n € Ju})”, we may assume that J, C dom (p;). By the inductive hypothesis, let ¢ < p; be a pure
condition, let n witnessing that ¢ is pure, without lost of generality, we may assume that m < n. Let s, € 2"
such that s, [ m = s and s, (1) = 0 for every i € [m,n). Define § € Poy1 such that the following holds:

W qla=q
(2) g(@) = (s, {47 [ n € Ja})-

It is easy to see that g is a pure extension of p.
Case. a € H.

First, we find p; < p | « such that there are m € w, s : m — w with s C A and J, € [HN oz]<w such
that p1 Ik “p(a) = (s,m,{f, | 1 € Ja})”, We may also assume that 4|J,| < m and that J, C dom (p;).
By the inductive hypothesis, let ¢ < p; be a pure condition, let n witnessing that ¢ is pure, without lost of
generality, we may assume that m < n and J, C dom (q). Let z, : n — w such that z, C A, zo [ M =5
and z, (1) # z¢ (i) for every i € [m,n) and £ € J,. Define § € P41 such that the following holds:

1) gla=gq _
(2) G() = (za,n, {fy | m € Ja}).

It is easy to see that g is a pure extension of p. O
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Lemma 4.11. Let a < wa, p € Py, a pure condition and m € w. There is q € P, with the following properties:

(1) a <p.
(2) q is pure.
(8) If B € dom (q) then m <len(q(B)).

Proof. We prove the lemma by induction on «. The cases where o = 0 or « is limit are straightforward, so
we focus on the successor case. Assume the lemma is true for «, we will prove it is also true for o + 1. Let
p € Pyt1, we may assume that o € dom (p).

Case. a € E.

Suppose p (@) = (24, Ma, J). In case that m < m,, we apply the inductive hypothesis to p | @ and we
are done. Assume that m, < m. By the inductive hypothesis, we may find ¢ < p [ @ such that the following
holds:

(1) ¢ is pure.
(2) If 8 € dom (q) then leng(B) > m.
(3) For every j < ke there is w; : m — w such that ¢ IF “p; | m = w;”.

We now define s : m — w, with s C A such that z, C s and s (i) # w; (i) for every i € (mq, m] and
Jj < n. Tt is clear that ¢~ (s, m, J) has the desired properties.

Case. o € D,, (for some v € wy).

Suppose p (@) = (Sa, {AZ S Ja}) and n is such that s, : n — 2. By the inductive hypothesis, we
may find ¢ < p | a such that the following holds:

(1) q is pure.
(2) If 8 € dom (p) then len ¢(B) > max{m,n}.

Let k be the height of g. We now define z : k — 2 such that s, C z and z (i) = 0 for every i € [n, k). It
is clear that ¢ (z, Ja) has the desired properties.

Case. o € H.
Similar to the previous cases. O

Definition 4.12. Let o < wy and p € P, a pure condition. We say that p has the descending condition if for
every (1,2 € dom (p) N E, if B1 < P2, then len (p (51)) > len (p (B2)).

Using the previous lemma and induction, we get the following:
Lemma 4.13. For every a < wa, the pure conditions with the descending condition are dense.

Proof. We prove the lemma by induction on «. The cases where a = 0 or « is limit are straightforward, so
we focus on the successor case. Assume the lemma is true for o, we will prove it is also true for o + 1. Let
p € Py41 be a pure condition, we may assume that a € dom (p). In case a ¢ FE, there is nothing to do, so
assume that o € E.
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Let p(a) = (s,n, J), by the inductive hypothesis and Lemma 4.11, we can find ¢ € P, such that
q <p | «, qis pure with the descending condition and all the stems in ¢ have size larger than n. It is clear
that ¢ (s, n, J) is the condition we are looking for. 0O

Although pure conditions are nice to work with, we will need to deal with non-pure conditions for some
arguments. We will develop the tools needed in order to do this. First, we recall a standard forcing lemma
that will often be used implicitly (for a proof, see Lemma 1.19 in the first chapter of [24]):

Lemma 4.14. Let P be a partial order, A = {py | @ € K} C P a mazimal antichain and {, | a € K} be a
set of P-names. There is a P-name y such that p, IF “y = 2,7 for every a € k.

Given A € [E]=, a function K : A — w< is said to be suitable if K (o) C A for every oo € A. We say
that a condition ¢ € P,,, follows a suitable K if the following holds:

(1) A C dom (g). ‘ .
(2) If v € A, then g [ alF “q(a) = (K (), |K (a)] 7F) 7 (for some F).

Definition 4.15. Let A € [E]<°’. We say that p € P, has the A-descending condition if the following holds:

(1) For every 1,52 € (dom (p) \ A) N E, if f1 < B2, then p [ B2 IF “len (p (£1)) > len (p (B2)) ™

(2) For every f1, 82 € dom (p) N H, if 81 < B2, then p [ B2 I- “len (p(81)) = len (p(B2)) ™

(3) For every v € wy and for every (1,82 € dom(p) N D, if 81 < Bo, then p | B2 IF “len(p(51)) >
len (p (82)) "

(4) If 8 = min (dom (p)), then there is s € w<* such that s is the stem of p (3) (i.e., the stem of p (5) is a real
object, not just a name) and for every n € dom (p) \ A, we have that p | 5 IF “len (p (8)) > len(p (n)) 7.

Notice that this new notion does not clash with our previous terminology, since pure conditions with
the descending condition (essentially) satisfy the (-descending condition. We now introduce the following
notions:

Definition 4.16. Let o € wo, A € [EN ]~ and K : A — w<* be suitable. We define PX as the set of all
p € P, such that the following conditions hold:

(1) p follows K.
(2) p satisfies the A-descending condition.
(3) For every 8 € dom (p) N (H U E), if p(8) = ($,1, F), then p | B I+ “4|F| < 1",

The following result is similar to Lemma 4.11:

Lemma 4.17. Let a < wy, A€ [EN a]<w, K : A — w<¥ be suitable, p € PX and m € w. There is q such
that the following holds:

(1) g Py

(2) dom (¢) = dom (p).

(3) a <p.

(4) If B € A, then ¢ (8) = p(B).

(5) If p € dom (q) \ A then q | f1Flen(q(8)) = max {m,len (p(3))}.
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Proof. Note that the last point already implies that ¢ satisfies the A-descending condition. We proceed by
induction, the cases a = 0 and « is limit are immediate. Assume the lemma is true for «, we will now prove
it for &« + 1. We may assume that o € dom (p).

Case. a ¢ HUE.

Note that in particular, & ¢ A. Let p [ a I p (@) = (3, F), by the inductive hypothesis, there is ¢ < p | &
as in the lemma. Let k£ be a P,-name for a natural number, such that ¢ I+ “$: k — 2”. Let 2 be a P,-name
such that ¢ forces the following:

(1) dom (2) = max{m, k}.
(2) 5 C 2.
(3) If i € dom (%) \ dom ($), then 2 (i) = 0.
It is clear that g™ (%, F) is the condition we were looking for.

Case. o € H.

Let « € H, v € wy and B € D, such that R(8) = . Let p € PX | with @ € dom (p). By the
inductive hypothesis, we may assume that p [ « satisfy the properties in the conclusion of the lemma. Let
plalkp(a)=(5kF)and find 7 a Py-name for max{k, m}. Let Z be a P,-name for a partial function
forced to have the following properties:

z
S
dom (2) = A9 N

It is clear that p [ o™ (z", n, F) has the desired properties.
Case. o € E and a ¢ A.

Similar to the previous case.
Case. v € F and a € A.

Let A; = A\ {a} and K; = K [ A;. By the inductive hypothesis (applied to p | @ and K1) let ¢ < p | «
as in the lemma. It is easy to see that ¢”p («) has the desired properties. O

We will need the following result, which is the generalization of Proposition 4.9 for the iteration:

Lemma 4.18. Let o < wy, D C P, an open dense set, A € [ENal™ and K : A — w<¥ suitable. If
p € PE | then there is q with the following properties:

(1) g€ Pf

(2) ¢ <p.

(3) If B € A, then q(B) =p(B).

(4) There is an antichain L € [D]~ such that for every r < q, if v follows K, then r is compatible with an
element of L.
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Proof. We prove the lemma by induction on «. The case where a = 0 is clear. We will now prove it for
a+1.

Case. o ¢ A.

Define D as the set of all ¢ € P, for which there exists § € P, with the following properties:

(1) qla=q

(2) ge D.

(3) qlF “G(a) < p(a)”.

(4) There is my € w such that g IF “len (g (a)) = my”.

(5) Incase « € HUE, if ¢ IF (@) = ($,mg, F), then ¢ |- “4 ‘F’ <mg".

It is easy to see that D is an open dense subset of P,. By the inductive hypothesis, there is p < p | « as
in the lemma, let L € [ﬁ] ““ an antichain such that for every q < p, if g follows K, then ¢ is compatible
with an element of L. Let L = {¢; | i < k} for some k € w. For every i < k, fix §; € D as in the definition
of D. Let 8y = min (dom (p)), we now find m € w such that m > len (p (8y)) as well as m > m,, for every
i < k. Since L is an antichain, we can find & a P,-name for an element of Q,, with the following properties:

(1) ¢ IF“2 =7, (a)” for every i < k.
(2) rlF“% = p(a)” for every r incompatible with every ¢;.

We now apply Lemma 4.17 to find p; with the following properties:
1 € Po{(.
15D
om (p1) = dom (p).

Let ¢ = p1 — 4. We claim that ¢ has the desired properties. In order to prove that ¢ € ]P’(ffﬂ, we only need
to prove that ¢ has the A-descending condition (the other properties are true by definition). Note that p;
forces that the length of the stem of & is at most m (since p € P, ;, then len (p () is forced to be at most
len (p (Bo)), which is smaller than m). Since the length of the stem in all the elements of dom (p1) \ A is at
least m, it follows that ¢ has the A-descending condition. Clearly ¢ < p and if 8 € A, then ¢ (8) = p(8).

Finally, let Ly = {g; | ¢ < k} C D and let < g be a condition following K. We need to prove that r is
compatible with an element of L. Since r [ @ < ¢ [ @ and it follows K, we know there is ¢; € L such that
r | a and ¢; are compatible. We claim that r» and g, are compatible.

Let r1 € P, be a common extension of both r | « and ¢;. Define 7 = r; ~r (a), we will prove that
7 extends both r and g,;. Clearly ¥ < r and in order to show that ¥ < g,;, we only need to prove that
r1 Ik “r (a) < (o) ”. Since r; < ¢;, we have that r1 |- “& =g, (o) 7. We also know that r [ o IF “r (o) < &7,
we conclude that 1 IF “r (o) <G, (o) ” and we are done.

Case. a € A (in particular, « € E).

Let s = K («) and n = |s|. In this way, we have that p [ a IF “p (@) = (s,n, F")” for some F. Let G C P,
be a generic filter with p | o € G. In V [G], we define the set D = {#[G] | 3¢ <p | a(¢€ GAqg™% € D)}.
It is easy to see that D is an open dense subset of EA. By the Proposition 4.9, there is Z € [E] <“ an
antichain such that for every x = (s,n,J) € Ea, there is z € Z such that x and z are compatible.
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Back in V, define B as the set of all r € P, with the following properties:

(1) Either r and p | « are incompatible, or
(2) There are k € w and Y™ = {47 | i < k} such that r - “Z = {27[G] | i < k}” and r—i} € D for every
i <k.

It is easy to see that B is an open dense subset of P,. Let K1 = K | a. We apply the inductive hypothesis
with p [ a, B and K;. In this way, there are ¢ and L with the following properties:

1) g<pl
(2) g€ IP’KI
(3) If B € A\ {a}, then ¢(B) =p(B).
(4) L € [B]"* is an antichain.
(5) For every ¢’ < gq, if ¢’ follows K7, then ¢; is compatible with an element of L.
We now define Ly = {r™ &} | r € LAZ} € Y"}, note that L, is a finite antichain of D. Define § = ¢"p (),
we claim that § and L have the desired properties. Clearly g € PaKH. Now, let g1 < ¢ that follows K. Since
@1 a<q|a=qand ¢ | « follows K1, we know that there is » € L compatible with ¢; [ a. Let g5 <
q1 | o, and note that gy - “Z = {&7[G] | i < k}”, hence (without lost of generality), there is 7 such that
¢ forces that ¢; (o) and 47 are compatible (recall that q; () is forced to be of the form (s,n,.J) since g
follows K). It follows that ¢; and 4} are compatible.

Finally, we consider the case when « is a limit ordinal and the proposition is true for every 5 < «. This
case is similar to the one where o ¢ A. We first find 8 < a such that A,dom (p) C 3. Define D as the set
of all ¢ € Pg such that there is § € P, with the following properties:

(1) a18=q

(2) ge D.

(3) If ¢ € (dom (7) \ B) N (HUE) and q | £ -G (&) = (2,70, J) then g [ £ IF “4|J| <.
(4) g | [B, @) has the decreasing condition.

(5)

q
There is ng such that for every £ € dom (g) \ 5, the condition g [ £ IF “len (g (§)) < ng”.

It is easy to see that D is an open dense subset of Ps (it is dense by Lemma 4.13). By the induction
hypothesis, there are ¢ < p following K and an antichain L = {¢; | i < k} C D such that for every r < ¢
that follows K, r is compatible with an element of L. For every i < k, choose §; € D witnessing that ¢; € D.
Find n € w such that n > ng, for every ¢; € L. By Lemma 4.17, we may assume that all of the stems in
dom (q) \ A are forced to be larger than n. Let B; = dom(g;) for every ¢ < k. We now define a condition
q € P, with the following properties:

(1) qIB=q
(2) dom(g) = dom (g) U _UkBi
1<
(3) For every i < k and £ € B;, we have that ¢; [ £ I+ “q (&) =7, ().
(4)

4) For every i < k and £ € « such that £ ¢ 5 U B;, we have that ¢; | £ IF “q (&) = 1@5” (where lg, s the
name of the largest condition).

(5) If r € Py is incompatible with every ¢; € L and £ € |J By, then r [ £1IF“q(§) = lg,.”
i<k
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Let L1 = {g; | ¢ < k}, we will show that ¢ and L; have the desired properties. It is easy to see that
g € PX. Now, let r < @ that follows K. Clearly, r | 3 extends q and follows K, so there is i < k such that
g; is compatible with r. It is easy to see that r is compatible with g;. O

We can now prove the following:

Proposition 4.19. There is a model of ZFC such that:

(1) ¢ = ws.
(2) ieZL‘Jg.
(8) There are families {Ay | v € w1}, B={fa | & € wa} such that:

(a) A, C [w]” is a MAD family of size wy (for every v € wy).
(b) B C PFun is a« MAD family.
(c¢) If 7 : PFun — [w]” is the function defined by 7 (f) = dom (f), then = | B: B— |J A, is

YEW1L
bijective.

Proof. We start with a ground model such that V' |= ¢ = ws and we will force with P,,. Let G C P, be
a generic filter. It is easy to see that V [G] |= ¢ = ws. For every v € wy, let A, = {AY | a € D, }. We have
the following:

Claim. Let v € wy.

(1) Ay C [w]” is @ MAD family of size ws.
(2) For every X € V[G], if X € Z(A,)", then the set {a € D, | | X NA2| =w} has size ws.

The claim follows easily by Lemma 4.3. A more interesting fact is the following;:

Claim. V [G] = N Z(Ay) = [w]=.

YEW1L

Let X be a P,,-name for an infinite subset of w. Let M € V be a countable elementary submodel of
H((2+*)") such that X,P,, € M. Choose v € w; \ M, we will show that X is forced to be in Z (A,)". In
fact, we will prove that X will have infinite intersection with every element of A,. Note that D, N M =0
since v ¢ M (recall that {D,, | n € w1} € M since P,,, € M).

Let { € D, k € wand p € P,,, (in general, p ¢ M). We must find an extension of p forcing that X and
A§Y intersect beyond k. We may assume that £ € dom (p), p is pure and has the descending condition. Let
n be the height of p. We may also assume that n > k. For technical reasons, assume that 0 € dom (p). Let
B =dom (p) N M and A = BN E. Note that p € PX, where K is the suitable function on A defined by

a

“K () is the first coordinate of the triple p(«)”. Let dom (p) = {ao, ..., &, } Where a; < a; whenever i < j.

Claim. There isp € M NP, such that for every i < m, the following holds:

(1) D is pure of height n.

(2) dom (p) = {do, ..., 0m } (where 6; < &; whenever i < j) and B C dom (p).
(3) pePE.

(4) If a; € B, then §; = «;.

(5) If a; ¢ B, then §; < «;.

(6) o; € E if and only if 6; € E.
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(7) a; € H if and only if 6; € H.
(8) For everyn € M Nwy, if a; € D,, then 6; € D,,.

(9) For every j <m, if a;,o; € |J D, then o, are in the same element of the partition if and only if
nEwl
03,05 are in the same element of the partition.

(10) If a; € H, then the following holds:

(@) 1 p(00) = (saom {fu 1€ JEY), then 5(5) = (s, {fus i€ JTY) (ice. the stem of p(av)
and p(0;) is the same).
(b) For every j < i, we have that aj € JE_ if and only if §; € J?i.

(11) If o € Dy, for some 1 < wy, then the following holds:

(a) If p | a; IF “p(ay) = (sa,{Aﬁ; twEJRY) 7, then | &; IF “p(6;) = (sai,{A%‘ TpE Jg_}) 7 (i.e.
the stem of p («;) and D (9;) is the same).
(b) For every j < i, we have that aj € JE_ if and only if §; € J?i (where a; € Dy, and 6; € D,y ).

(12) If a; € E, then the following holds:

(a) If p (i) = (Sa;, May, J2.), then p(8;) = (saimai,Jg_’i) (i.e. the stems of p(a;) and B (3;) are the
same).
(b) If i € M, then JE. N M = J§ N M (recall that in this case, a; = d;).

The claim is almost an immediate consequence of the elementarity of M, point 5 is the only one that
requires us being slightly more careful. For every «; ¢ B, we define the following:

(1) &€ = max (B) N o (this is well defined since 0 € B).
(2) & =min (M N (w2 + 1)\ o).

Note that &2, ¢F € M and €Y < a; < €. The claim then follows by applying elementarity and requiring
that £) < §; < &}, Since §; € M and is smaller that ¢}, it follows that §; < a;.
Let p be as in the claim. We now define

D:{TE]P)&JQ|3lrEW(TH‘“ZT:min(X\n)H)}.

Clearly D C P, is an open dense subset and D € M. Since D € ]P’Ufg , applying Lemma 4.18, there is ¢ < p
as in the lemma. We may even assume that ¢ € M. Note that in general, ¢ might not be pure (we could
extend it to a pure condition, but it might not follow K anymore). Let L € [D]~ such that for every r < g,
if r follows K, then r is compatible with an element of L. Let Z = {l,. | r € L} and note that ZNn = . It
is clear that if 7 € L, then 7 IF “Z N X # (”. Let n; = max (Z) + 1.

We now define the condition pz with the following properties:

(1) dom (pz) = dom (p).
(2) For every n € dom (pz), the following holds:

(a) If n ¢ D, then pz (n) = p(n). .
(b) Let n € Dy with n# & If p(n) = (s5,{A4 : p € J,T]’}).deﬁne sh7 :ny — 2 such that s? C sP7 and
shZ (i) = 0 for every i € [n,n1). Let pz (n) = (sgz, {AL pe Jf;}).
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(c) It p(¢) = (sg,{Ag‘ TpE Jp}> define s7” : my — 2 such that s{ C s{” and s{” (i) = 1 for every
i € [n,ma). Let pz (6) = (27, {Al : e J2}).

Note that pz IF “Z C Aﬁy”. Since Jf C dom(p | £), it is follows from (b) that pz < p. We now define the
condition r as follows:

(1) dom (r) = dom (pz) U dom (q).

(2) If 7 € dom (g) \ dom (pz), then r (1) = ¢ (n).
(3) Let n € dom (pz), so n = «; for some i < m. We have the following:

(a) Assume «; € D with v ¢ M (so n ¢ dom (q)), define 7 (o;) = pz (c;) (note that this will be the
case when ' = ).

(b) Assume «; € D, with v/ € M. Let pz (o) = (sﬂf,{Ag, TpE ng}) and g | &; IF ¢q(6;) =
(igﬂ {A:' TpE Jgi}) (since ¢ is not pure, i and J.gi might be names and not actual objects).

Define r (o) = (3, ,{A“ tpE JRZ U Jg }) In here, note that i§ is a Ps,-name, since §; < a; it is
also a P,,-name, so the definition at least makes sense. ’

(c) Assume o; € H. Let pz (i) = (s82,n,{f.: pu € JEZ}), q(6;) = (igi,mgi,{fu tpE Jg}), and
r(og) = (i1 md {fu:pe i ugeey).

(d) Assume «; € F and «; ¢ dom (q). Define 7 (a;) = pz (o).

(e) Assume o; € E and a; € dom (q) (so §; = o; and «; € A). Let pz (o) = (sﬁf,n,jgiz) and note
that in here we have that ¢ (6;) = (s87,n, jgi) (this is because a; € A, so q(d;) = D(d;)). Define
r(8;) = (P2, n, J.gi u Jgf)

A key remark is that in r, we do mot change the stem of the coordinates that are in E. It might not be
immediately obvious that r is a condition, since the “size requirement” may fail in the coordinates of F or
H. We will show that this is not the case.

Claim. Let n € dom (7).

(1) v 1neP,.
(2) rInl“r ()GQn”’
(3)rin<gql
(4) rInlk© ()<q(?7)”-
We will prove the claim. Note that points 3 and 4 are trivial once we know that r [ 7 is a condition. We
proceed by induction, it is enough to show that if r [n € P, and r [ n < g [ n, then r [ n IF “r(n) € Qn”.

Furthermore, this is clear whenever n € dom (¢) \ dom (pz),n ¢ HUFE or n € E '\ dom (¢q). We focus on the
other cases. From now on, n € dom (pz), so we may assume that n = «; for some i < m.

Case. o; € H.

In here, pz (o) = (sgi,n,{f# CpE J.gji}), q(6;) = (igi,mgi,{fp CpE Jg}), and r (o) = (3 ,1m3 {fu:
p€ Ji UJEY). As p(di) = (s..n{fu:pe Jgi}) and since ¢ < p, we get that ¢ [ &; IF “n < g "
Furthermore, ¢ [ 6; IF “4 ‘ng’ < mgi 7. We also know that 4 ’Jgi‘ < n, (since p is pure), hence ¢q [ ¢; ”‘]p5i
“4 |j§7¢ , 4 |J§Z| < mgi 7. Sincer [ a; <1 [d; < qld;, Ps, is completely embedded into P, and the formula
is absolute for transitive models of ZFC, we get that r [ a; “‘]pai “4 ’Jg ,
to be a condition by Lemma 4.7.

pz| <7, so r(a) is forced
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Case. a; € domgnN E.

In here, pz (a;) = (sgi,mai,jgi), q(a;) = play) = (sgi,mm,jgi) and r(q;) = (sgi,mai,jgéi ng)
Clearly, r | a; I- 4 |J(‘§i| 4 |J§i < my, since any condition forces this statement, so 7 () is forced to be a
condition by Lemma 4.7.

We now know that r is indeed a condition and that r < ¢. Note that r follows K.
We will now prove that r < pyz. Let a; € dom (pyz), assume that we know that r [ «; < pz | «;, we will
prove that 7 [ a; IF “r (a;) < pz (a;) 7. We proceed by cases:

Case. o; € D, with o' ¢ M.
This case is immediate by the definition.
Case. o; € D, with 4/ € M and «o; € dom (q) (hence 6; = ;).

In here, we have that
pz (o) = (sgf, {A:, Dp € Japz}> , ¢ (o) = (igi, {A:, RS Jg})

and 7 (o) = (fgi, {Az, cpeJEZU Jg}) Since 7 < ¢, we have that 7 <P, so r | a; IF “sPZz C {4 7 (in this
case, sh = s = sP7).

Now, let a; € JEZ (recall that the stem of r (a;) is tgj). We need to prove that r [ a; IF (tgi)_l ()N
Aj/j C n”. Let 1, , M4, such that g [ a; IF “t'gi i, — 2" and q | a; IF “tgj : Mg, — 27. Since ¢ satisfies

N
the A-descending condition, we know that g [ «; I- “1i,,; > 1, ”. Since q [ o IF “Af:,j Nritg,; = (tgj) (1),

o\ .
we get that ¢ | oy IF “A:,j N1ig,; = (tgj) (1) Mg, ”. Since 7 < p, we know that r |- “A% N A:,’ Ccn.
-1

Wn(ia,) ®cn,

In particular, igi is forced to be disjoint with As,j \ n, so we get that r I+ ¢ (tgi)_1

hence r [ o IF (fgi)_l ()N Af:,j C n”, which is what we wanted to prove.

Case. o; € D, with o' € M and «; ¢ dom (q) (so 0; < o).

Here we have pz (a;) = (s87, {A’; cp e JP2Y), q(6;) = (igi, {AL e Jg}) and r (o) = (i5 ,{AY, s p e
J'gb_ U JE:}). Since 7 < ¢, we have that r <P, so r | §; IF “s87 C ] 7 (vecall that s57 is the stem of p (d;)).

Now, let a; € JE# (recall that the stem of r () is tgj ). We need to prove that r | «; IF (tgi)fl (1)0A3,j -
n”. Let rs,, s, such that ¢ | &; b “i : s — 27 and ¢ | 6; IF “tgj : s, — 27. Since ¢ satisfies the

dom K-descending condition, we know that g [ d; - “ris, > 1hs,”. Since q [ §; I “Aff; Nrg, = (igj) (1),

) o\ 1 )
we get that ¢q | d; IF “Ai’, N, = (tgj) (1) Nirig,”. Since r < p, we know that r |- “Aiﬁ N Ai’, Cn’. In

-1

. M . . . _1
particular, ¢ is forced to be disjoint with Afsyj, \ n, so we get that r - “ (tgi) (1n (tgj) (1) C n”, hence

rlal-* (igi)fl (1)n Af:,j C n”, which is what we wanted to prove.
Case. o; € H and «; € dom (q) (so a; = 6;).

~ Here py (o) = (s22,m, {fu:ne JEZY), q(6;) = (igi,mgi,{f'ﬂ TpE jgi}) and 7 (o) = (igi,mgi,{fﬂ TpHE
J§ U Jkz}). Since r < ¢, we have that r <P, so r [ a; IF “sh7 C £ 7.
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Now, let o € JE# (recall that the stem of r (o) is tgj). We need to prove that r | a; I “id ﬁfaj Cnxn”.
Since q satisfies the dom K-descending condition, we know that q [ d; Ik “rs; > 1hs,”. Since q [ a; IF“fq, |
ms, = tgj 7. we get that ¢ [ d; IF “fa]. I s, = tgj ”. Since r < P, we know that 7 IF “f, N f(;j Cnxn”
In particular, igi is forced to be disjoint with faj above n, so we get that r I+ “tgi N tgj C n x n”, hence

r | a; Ik “€g N fo, € nxn”, which is what we wanted to prove.
Case. a; € H and «; ¢ dom (q) (so d; < o).

~ Here py (o) = (s22,m, {fu:pne JEZY), q(6;) = (tgi,mgi,{fp RS Jg}) and 7 (a;) = (tgi,mgi,{f'u RS
J§ U Jkz}). Since r < ¢, we have that r <P, so r [ §; I- “s8Z C 1 7 (recall that s57 is the stem of 7 (d;)).
Now, let a; € JEZ (recall that the stem of 7 (o) is tgj). We need to prove that r [ a; IF “tgi Nfa;, Snxn’.
Since ¢ satisfies the descending condition, we know that q [ d; IF “ris, > ris,”. Since ¢ | a; IF “fa]. [ e, =
igj 7, we get that q | a; IF “fo, | s, = igj.”. Since r < p, we know that r IF “f,, N fs;, € n xn” In
particular, tgi is forced to be disjoint with f,, above n, so we get that r I+ “tgi N tgj C n x n”, hence

rl ol “tgi N faj C n x n”, which is what we wanted to prove.
Case. a; € F and «; ¢ dom (q).

This case is immediate from the definition.
Case. a; € F and «; € dom (¢) (so §; = a; and «; € A).

This case is also immediate from the definition.
Having dealt with all the cases, we can finally conclude that r < ¢, pz. Since r follows K and r < ¢, there
is v’ € L such that v’ and r are compatible. Let 7 be a common extension. Then:

(1) FIF“XNZ#0".
(2) TIF“Z C As” (since 7 < pyz).

Hence 7 I+ “A?Y N X ¢ k7, which is what we wanted to prove. We conclude that V [G] = () Z (4,) =
}<w. veL

Recall, that B = {f, | « € H}.

[w

Claim. B is a MAD family of size ws.

It is easy to see that B is an almost disjoint family of size ws, it remains to prove that it is maximal. Let
h € PFun and A = dom (h). By the last claim, there is v € w; such that A € Z (A,)". In this way, we can
find 8 € D, such that C = ANAS is infinite and h € V [Gg], define hy = h | C and note that hy € V [Gpy1].
Let « = R(f) (so B < «). First consider the case where hy € Z (B,). Then there are aq,...,a, € H such
that hy C fo, U...U fa,, so clearly hy has infinite intersection with an f,,. In case hy € I(Ba)+, we will
have that f, N hq is infinite by 4.6.

Finally, we will prove the following;:

Claim. ie = ws.

On the one hand, since B is MAD, we get that ie < ws. On the other hand, since we are forcing with Ea
cofinally many times, we get that ws < ie. We conclude that ie = ws holds in our model. O
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